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Chiral and Critical Spin Liquids in Spin-1/2 Kagome Antiferromagnet
W. Zhu, S. S. Gong, and D. N. Sheng
Department of Physics and Astronomy, California State University, Northridge, California 91330, USA
The topological quantum spin liquids (SL) and the nature of quantum phase transitions between them have
attracted intensive attentions for the past twenty years. The extended kagome spin-1/2 antiferromagnet emerges
as the primary candidate for hosting both time reversal symmetry (TRS) preserving and TRS breaking SLs based
on density matrix renormalization group simulations. To uncover the nature of the novel quantum phase transi-
tion between the SL states, we study a minimum XY model with the nearest neighbor (NN) (Jxy), the second
and third NN couplings (J2xy = J3xy = J ′xy). We identify the TRS broken chiral SL (CSL) with the turn on
of a small perturbation J ′xy ∼ 0.06Jxy , which is fully characterized by the fractionally quantized topological
Chern number and the conformal edge spectrum as the ν = 1/2 fractional quantum Hall state. On the other
hand, the NN XY model (J ′xy = 0) is shown to be a critical SL state adjacent to the CSL, characterized by the
gapless spin singlet excitations and also vanishing small spin triplet excitations. The quantum phase transition
from the CSL to the gapless critical SL is driven by the collapsing of the neutral (spin singlet) excitation gap. By
following the evolution of entanglement spectrum, we find that the transition takes place through the coupling of
the edge states with opposite chiralities, which merge into the bulk and become gapless neutral excitations. The
effect of the NN spin-z coupling Jz is also studied, which leads to a quantum phase diagram with an extended
regime for the gapless SL.
PACS numbers: 73.43.Nq, 75.10.Jm, 75.10.Kt
Quantum spin liquid (SL) is an exotic state of matter which
escapes from forming the conventional orders even at zero
temperature [1]. However, different from a featureless insu-
lator, a SL develops a topological order [2–4] with fraction-
alized quasiparticles encoded in the long-range entanglement
of system [5]. The SL physics may play a fundamental role
for understanding strongly correlated systems and unconven-
tional superconductivity [6–21]. There have been intensive
studies searching for SL in frustrated magnetic systems, how-
ever, the discovery of SL has been rare in the past 20 years.
A few frustrated square or honeycomb lattices spin systems
with competing interactions have been proposed as the can-
didates for gapped SL [22–25]. However, further studies find
that the competing plaquette valence-bond solid may domi-
nate the magnetic disorder region [26–29].
Interestingly, the nearest neighbor (NN) dominant spin-
1/2 kagome Heisenberg model has been identified to host
a gapped SL based on the state of art density matrix renor-
malization group (DMRG) calculations [30–33], where a near
quantized topological entanglement entropy [34, 35] has been
found consistent with a Z2 SL [32, 33]. The topological
degeneracy as a signature evidence for such a gapped topo-
logical state [2, 8–10, 36] has not been established, while
different methods have been applied to tackle this problem
[31, 37]. Meanwhile, the variational studies find that the Dirac
gapless SL has the lower variational energy among different
states based on the projected fermionic parton wavefunctions
[38, 39]. The nature of the SL in the kagome Heisenberg
model remains not fully understood.
By introducing the second- and third- NN couplings for the
spin-1/2 kagome systems, DMRG studies [40, 41] discover
the Kalmeyer-Laughlin CSL theoretically predicted more than
20 years ago [42–46], which spontaneously breaks TRS and
is identified as the ν = 1/2 fractional quantum Hall (FQH)
state [42, 43, 47]. Interestingly, the CSL state is also found in
the spin anisotropic kagome model involving the second and
third NN xy-plane couplings [48], or by introducing the TRS
breaking three-spin chiralities interactions [49]. However, the
nature of the quantum phase transition, especially how the
quantum state and entanglement spectrum (ES) evolve near
such a transition have not been addressed. We do not know
what a physical mechanism can drive the quantum phase tran-
sition in such a system, and if the emergence of the previously
identified gapped SL for the NN kagome Heisenberg model
has close connection with the collapsing of the CSL [50]. Our
work is motivated to address these open questions.
Along with theoretical developments, experiments also dis-
cover different promising SL candidates in the triangular or-
ganic compounds [51–53] and kagome antiferromagnets Her-
bertsmithite and Kapellasite Cu3Zn(OH)6Cl2 in recent years
[54–59]. These materials appear to have gapless excitations
as revealed by the specific heat and neutron scattering mea-
surements [55–58]. Thus, it would be extremely interesting to
also search for some minimum spin-1/2 kagome model which
can host a gapless SL.
In this Letter, we address the nature of the collapsing of
CSL and the related phase transition in kagome spin system
based on DMRG and exact diagonalization (ED) calculations.
We study the spin-1/2 XXZ kagome model with the spin XY
interactions for the second and third neighbors as shown in the
inset of Fig. 1(a), whose Hamiltonian is given as [48]
H = (Jxy/2)
∑
〈i,j〉
(S+i S
−
j + h.c.) + Jz
∑
〈i,j〉
Szi S
z
j
+ (J ′xy/2)
∑
〈i,j〉′
(S+i S
−
j + h.c.), (1)
where the summations are taken over the NN 〈i, j〉, the sec-
ond and third NN 〈i, j〉′ couplings. We set Jxy = 1 as energy
scale. Our main results are summarized as the phase diagram
2in Fig. 1(a). First of all, for the XY model with Jz = 0,
we establish a CSL for J ′xy & 0.06 based on the topological
features of the state: the conformal chiral edge spectrum in
accordance with the ν = 1/2 FQH state and the topological
quantized Chern number C = 1/2. We identify the physical
driving force for the destruction of the CSL as the collaps-
ing of the singlet excitation gap with reducing J ′xy. Following
the evolution of ES, we find that the phase transition takes
place through the coupling between the low-lying entangle-
ment states with opposite chiralities, which naturally leads to a
critical state with TRS and gapless neutral excitations [60, 61].
Our results represent a significant progress in understanding
the connection between different SLs [48] by identifying the
mechanism of the phase transition and establishing the char-
acteristic nature of the critical SL phase adjacent to the CSL.
After tuning on the NN spin-z coupling Jz , we identify the
phase diagram for different J ′xy, where the critical gapless SL
is found for an extended regime with small J ′xy ∼ 0. The con-
nection of the critical SL with the previously identified gapped
SL in Heisenberg model [31] will also be discussed.
We use DMRG [62] and ED to study cylinder and torus
systems with the geometry shown in the inset of Fig. 1(a). The
number of sites in cylinder (open boundary condition in the x-
direction) or torus system is N = 3 × Ly × Lx with Lx and
Ly as the numbers of unit cell in the x and y directions [63].
We perform the flux insertion simulations on cylinder systems
based on the newly developed adiabatic DMRG to detect the
topological Chern number [40]. In this simulation, we thread a
flux θ in the cylinder which is equivalent to imposing the twist
boundary conditions: S+i S
−
j + h.c. → e
iθijS+i S
−
j + h.c. for
these bonds crossing the y boundary. In DMRG studies we
keep up to 8000 − 10000 states for the simulations without
flux and 4500 − 6000 states in the flux insertion simulations
for accurate results.
Chiral spin liquid phase.— The CSL breaks TRS but pre-
serves lattice symmetries and spin rotational symmetry. The
TRS broken is usually detected by the chiral order parameter
χi = (Si1 × Si2) · Si3 (i1, i2, i3 ∈ △i(▽i) triangle) [44].
As shown in Fig. 1(b), we demonstrate the chiral correlations
〈χiχj〉 between the up-triangles i and j as a function of dis-
tance Rij for the XY model (Jz = 0). At J ′xy = 0, the chi-
ral correlations decay exponentially to vanish. With growing
J ′xy , the chiral correlations enhance gradually and appear to
approach finite values for J ′xy & 0.2 at large distance, which
indicates the emerging long-range chiral order that character-
izes the spontaneous TRS breaking.
Moreover, CSL is a topological ordered state that hosts two-
fold topological degenerate groundstates, which can be ob-
tained by inserting flux with θ = 0 → 2pi adibatically [40].
The ES for these two states, labeled by the quantum number
total Sz of the half system, and their relative momentum quan-
tum number along the y direction ∆ky [64, 65], are shown in
Figs. 1(c) and 1(d). The leading ES has the robust degeneracy
pattern {1, 1, 2, 3, 5, 7, · · ·} with increasing ∆ky in each Sz
sector, which follows the chiral SU(2)1 Wess-Zumino-Witten
conformal field theory description of the ν = 1/2 FQH state
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FIG. 1: (color online) (a) Schematic phase diagram of the spin-1/2
kagome model with Hamiltonian Eq. (1). for 0.0 ≤ J ′xy ≤ 0.5,
0.0 ≤ Jz ≤ 1.0, where both the CSL and a critical SL with gapless
singlet excitations are identified. The color gradient in the critical SL
denotes the growing spin gap on finite-size system with increasing
Jz . The gapped SL [31] may exist neighboring with the critical SL.
(b) Log-linear plot of chiral correlation 〈χiχj〉 versus the distance
of triangles Rij along the x direction in the vacuum sector (c) and
(d) are the ES of the groundstates in the vacuum and spinon sectors,
respectively. λi is the eigenvalue of reduced density matrix. The
numbers {1, 1, 2, 3, 5, 7, · · · } label the near degenerating pattern for
the low-lying ES with different relative momentum ∆ky and total
spin Sz .
[66] as the fingerprint for the emergence of the CSL [67]. The
spectra of the vacuum (θ = 0) and spinon (θ = 2pi) sectors
are symmetric about Sz = 0 and − 12 respectively, indicating
a spin- 12 spinon at each end of cylinder in the spinon sector.
Fractional quantization of topological Chern number.— To
reveal the full topological nature of the CSL phase, we per-
form the flux insertion simulation to obtain the topological
Chern number [40]. By adiabatically inserting flux θ, we
study the evolution of the spin-z magnetization 〈Szx,y〉 at each
site Ri = (x, y). One example with a small θ = pi/4 is shown
in Fig. 2(a). We find that the nonzero magnetizations start to
build up at both edges of cylinder after inserting flux. The
net magnetization near boundaries grows monotonically with
increasing θ as shown in Fig. 2(b), which is equivalent to the
spin transfer being pumped from the left edge to the right edge
without accumulating in the bulk. As shown in Fig. 2(c), a
spin pump linearly increases with θ onLy = 6 cylinder, which
leads to a quantized net spin transfer ∆Sz|edge = 0.500 at
θ = 2pi and a quantized Chern number C = 1/2, fully char-
acterizing the state as the ν = 1/2 FQH state [40, 46, 68].
For the system with Ly = 4 as shown in the inset of Fig. 2(c),
we find some finite size effect as the spin pump initially is
zero for small θ, which jumps to the expected values of the
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FIG. 2: (color online) (a) Spin magnetization 〈Szx,y〉 at Ri = (x, y)
after adiabatically inserting a flux θ = pi/4. The area of the cir-
cle is proportional to the amplitude of 〈Szx,y〉. The blue (red) color
represents the positive (negative) 〈Szx,y〉. (b) Accumulated spin mag-
netization 〈Szx〉 =
∑
y
〈Szx,y〉 in each column (the summation is over
all the 3Ly sites for each column) with increasing flux θ. (c) Net
spin transfer ∆Sz|edge as a function of θ on Ly = 6 cylinder. The
inset shows the results on Ly = 4 cylinder. (d) Phase diagram of the
XY kagome model (Jz = 0), which is determined from the results
of Chern number on Ly = 6 system.
linear pumping behavior at a larger θ for J ′xy = 0.1, 0.2.
The CSL is protected by the finite bulk excitation gap (shown
later in Fig. 4) and grows stronger with increasing system
width. Based on the quantized Chern number established on
Ly = 6 cylinder with different geometries [63] and the con-
formal edge spectrum for the groundstates, we find a robust
CSL phase for J ′xy & 0.06 as shown in the phase diagram
Fig. 2(d) for Jz = 0. In the critical SL region, we observe
strong magnetization fluctuations in the bulk during the pro-
cess of inserting flux in consistent with the collapsing of the
neutral excitation gap.
Entanglement spectrum flow.— The CSL and the critical
state can be understood based on the response of ES to in-
serted flux [69, 70]. For a CSL at J ′xy = 0.1, as shown
in Fig. 3(a), the eigenvalues of the reduced density matrix
are degenerating about the ±Sz sectors at θ = 0. By in-
creasing θ, the spectrum lines in the positive Sz sectors flow
up continuously, while those in the negative Sz sectors flow
down (this is selected by the sign of Chern number due to
spontaneous TRS breaking). At θ = 2pi, the eigenvalues in
the Sz = 0 and Sz = −1 sectors become degenerate. As
a result, after inserting a flux quantum, a net spin transfer
∆S|L = 〈S
z|L〉 =
∑
i λiS
z
i = −1/2 is realized and the
spectrum becomes symmetric about Sz = −1/2. Thus the
ES flow directly detects the gapless feature in the edge spec-
trum through inserting flux. By inserting 4pi flux, the ES con-
tinues to flow and, it becomes symmetric about Sz = −1 at
θ = 4pi, indicating two spinons have been transferred from the
left edge to the right edge while the bulk of the system goes
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FIG. 3: (color online) (a) ES flow with inserting flux θ for Jz =
0, J ′xy = 0.1 on Ly = 6 cylinder. ES for (b) Jz = 0.0, J ′xy = 0.1,
(c) Jz = 0.0, J ′xy = 0.0, and (d) Jz = 1.0, J ′xy = 0.0 on Ly = 6
cylinder. The arrow denoted by vc in (b) indicates the two lowest
eigenvalues in the Sz = 0 sector which are used to calculate the
chiral edge-mode velocity.
back to the vacuum sector.
With decreasing J ′xy, the robust Chern number quantiza-
tion and the spectrum flow persist to J ′xy ≃ 0.06. By fol-
lowing the evolution of the ES, we find that the CSL is be-
coming less strong at smaller J ′xy, where the chiral velocity
(proportional to the gap between the lowest two spectrum lev-
els in the Sz = 0 sector as indicated in Fig. 3(b)) [63] di-
minishes with decreasing J ′xy . As illustrated in Figs. 3(b) and
3(c), we observe that the ES as a function of quantum number
Sz before and after the phase transition appear to be similar at
J ′xy = 0.1 and 0.0. However, they are significantly different
in momentum space. The spectrum for J ′xy = 0.1 preserves
the same robust conformal chiral edge spectrum as demon-
strated in Fig. 1(c) with many entanglement eigenstates carry-
ing nonzero ky [63]. However, once the phase transition takes
place, the groundstate wavefunction has TRS, and the low-
lying entanglement states shown in Fig. 3(c) have the momen-
tum quantum number ky either 0 or pi if they are nondegen-
erate, which comes from the mixing between eigenstates with
opposite chiralities. Furthermore, these low-lying eigenstates
do not respond to the inserted flux. The mixing of entangle-
ment states with opposite chiralities illustrates what happens
to the physical edge states [71]. These edge states with op-
posite chiralities also mix and merge into the bulk and be-
come the low energy gapless excitations in the bulk. These
observations are consistent with the field theory description
for the quantum phase transition between two states with dif-
ferent Chern numbers [60, 61]. Interestingly, the ES for the
NN kagome Heisenberg model in Fig. 3(d) is similar to the
one of the NN XY model.
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FIG. 4: (color online) (a) Evolution of the ED low-energy spectrum
in the k = (0, 0) sector with J ′xy for the XY model (Jz = 0) on
the N = 3 × 3 × 4 torus. The singlet gap between the lowest two
groundstates and higher-energy states is denoted as Es. (b) J ′xy de-
pendence of spin gap ET for the XY model on the N = 3 × 3 × 4
and 3 × 4 × 4 tori. Low-energy spectrum of the NN XXZ model
(J ′xy = 0) at k = (0, 0) and (0, pi) sectors for (c) Jz = 0.0, (d)
Jz = 0.5, and (e) Jz = 1.0 on the 3 × 3 × 4 torus. The label
(±1,±1) denote the quantum numbers related to spin inversion and
lattice pi−rotation symmetries.
Low-energy excitations.— We first study the evolution of
the low-energy singlet excitations in the Sz = 0 sector as
a function of J ′xy for the XY model (Jz = 0). As shown in
Fig. 4(a) of the spectrum for 36-site torus system in k = (0, 0)
sector, we find two low-energy near degenerate groundstates
separated by a finite singlet gap Es from higher energy exci-
tations in the CSL phase at larger J ′xy ≃ 0.3 side [40]. With
decreasing J ′xy , the singlet gapEs reduces, which collapses to
vanishing small at J ′xy ∼ 0 − 0.05. Thus the quantum phase
transition from the CSL to the TRS preserving state is driven
by such a neutral excitation gap closing. For comparison, we
also obtain the triplet gap ET in DMRG calculations using
torus systems with N = 3 × 4 × 3 and 3 × 4 × 4 as shown
in Fig. 4(b) [72]. Similarly, ET drops with reducing J ′xy and
it becomes much smaller for N = 48 system at J ′xy = 0.
Thus, our results indicate that the critical state is centered near
J ′xy = 0, where the singlet gap vanishes and the spin gap is
very tiny or vanished (ET reduces with N and ET ≃ 0.049
for N = 3 × 5 × 6). The appearance of low-energy singlet
excitations below the finite-size spin gap can be understood as
the gapless neutral mode for the topological quantum phase
transition [60, 61], which necessarily exists for such a transi-
tion.
We further study the whole phase diagram with varying Jz
and J ′xy, where similar CSL to critical phase transition is ob-
served as illustrated in the phase diagram Fig. 1(a). Further-
more, we examine the low energy spectra of the NN XXZ
model (J ′xy = 0) on N = 3 × 4 × 3 torus system. As shown
in Figs. 4(c)-4(e) for Jz = 0.0, 0.5 and 1.0, we find near con-
tinuous low energy excitations [73] collapsing together below
the spin triplet gap, which implies the gapless singlet exci-
tations in the whole critical SL region. The structure of the
energy spectra remains very similar, which indicates that the
spin interaction Jz term may only enhance the energy scale of
excitations. The gapped SL [31] may exist neighboring with
the critical SL close to the NN Heisenberg model and we can-
not determine the precise phase boundary of the critical SL
due to the limited system width we can access in DMRG sim-
ulations.
Summary and discussions.— We identify a TRS broken
CSL phase with a small pertubation J ′xy ≃ 0.06 in the
Jxy − J
′
xy XY model, while the NN XY model is in a crit-
ical phase adjacent to the CSL with vanishing singlet excita-
tions and a small or vanishing spin triplet gap based on ED
and DMRG studies. Furthermore, by studying the evolution
of ES crossing the quantum phase transition, we identify that
the quantum phase transition takes place through the coupling
and mixing of the chiral states with opposite chiralities, which
naturally lead to a critical state with TRS and gapless neutral
excitations. The quantum phase transition appears to be very
smooth, which is driven by the continuous closing of the gap
for spin singlet excitations. However, it is important to men-
tion that limited by the range of systems one can access using
DMRG, one cannot determine if there is a discontinuity in
the singlet gap at the transition point in thermodynamic limit.
Thus the quantum phase transition can be a weakly first or-
der or continuous transition, which demands study based on
effective theory for these novel SL states. Finally, we find
that the NN Jz coupling leads to a phase diagram with an ex-
tended regime for the critical SL possibly including or close
to the NN Heisenberg kagome model. While the neutral exci-
tation has to be gapless in such a critical SL, we find that the
spin gap is possibly finite, but very small, which grows big-
ger with the increase of Jz . Our DMRG calculations for spin
gap on larger tori and ED calculations for singlet gap indicate
that these gaps decrease towards the NN models with reducing
J ′xy, which are more consistent with a critical SL. However,
the gapped Z2 SL [31] may develop on larger systems in the
NN models through opening the vison gap from the gapless
neutral excitations outside the critical SL. This open and chal-
lenging question is desired to be addressed in the future based
on different numerical methods and effective field theory ap-
proaches.
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7SUPPLEMENTAL MATERIAL
INFINITE DMRG ALGORITHM
We also use the infinite density matrix renormalization
group (iDMRG) [1] to study this model. In the iDMRG algo-
rithm, we first start from a small system size. Then we insert
one column in the center and optimize the energy by sweep-
ing the inserted column. After the optimization, we absorb
the new column into the original existing system and get the
new boundary Hamiltonians. We repeat the inserting, opti-
mizing and absorbing procedure until the energy convergence
is achieved. Compared with the finite DMRG simulation,
iDMRG grows the lattice by one column at each iteration and
only sweeps the inserted column, thus the computation cost is
significantly reduced. iDMRG is especially efficient to deal
with the gapped topological order system, which allows us to
obtain the ground states with well-defined anyonic flux as first
proposed in Ref. [2]. In our work, we have confirmed that the
iDMRG obtains the fixed-point ground state wavefunction in
the center of cylinder that is exactly the same as that obtained
from the finite DMRG simulations (the same energy and the
identical entanglement spectrum within the numerical error.).
ENTANGLEMENT SPECTRUM ON XC GEOMETRY
There are two kinds of cylinder geometry on kagome lat-
tice often being studied in DMRG, YC-geometry in SFig. 5(a)
and XC-geometry in SFig. 5(b). In the main text, the demon-
strated results are all based on YC-geometry. Here we show
that the entanglement spectrum and the spectrum flow shown
on YC-geometry are robust and insensitive to the lattice geom-
etry. In SFig. 6, we demonstrate the entanglement spectrum
flow for Jz = 0, J ′xy = 0.1 on Ly = 6 XC-geometry. The
features of the spectrum flow are consistent with the results
on YC-geometry shown in Fig. 3(a) of the main text. The
eigenvalues in Sz = 1 and Sz = −1 sectors are degenerate
at θ = 0. By increasing flux θ, the eigenvalues in Sz = 1
sector flow up while those in Sz = −1 sector flow down con-
tinuously. At θ = 2pi, the eigenvalues in the Sz = 0 and
Sz = −1 sectors become degenerate, which results in a frac-
tionally quantized Chern number C = 1/2. Thus, the phase
diagram shown in the main text is robust for different geome-
tries.
CHIRAL VELOCITY FROM ENTANGLEMENT
SPECTRUM
Entanglement spectrum resembles the edge excitation spec-
trum that can be viewed as a fingerprint of topological or-
der. In the main text, we show the entanglement spectrum at
Jz = 0.0, J
′
xy = 0.3 in Figs. 1(c) and 1(d). The characteris-
tic chiral edge spectrum indicates the chiral spin liquid (CSL)
state. Here we show the spectrum at Jz = 0.0, J ′xy = 0.1 on
(b) XC-geometry
(a) YC-geometry
FIG. 5: (color online) Kagome cylinder on (a) YC geometry and (b)
XC geometry. The cylinders are closed in the y direction and opened
in the x direction.
0 1 2
2.4
3.0
3.6
4.2
-ln
 
i
 Sz=1
 Sz=0
 Sz=-1
 Sz=-2
L
y
=6, XC-geometry
J
z
=0, J'
xy
=0.1
FIG. 6: (color online) Entanglement spectrum flow for Jz =
0.0, J ′xy = 0.1 on Ly = 6 XC cylinder, which is obtained by keep-
ing 3000 states.
YC-geometry, which is closer to the phase boundary J ′xy ≃
0.06Jxy. As shown in SFig. 7, the entanglement spectrum
also exhibits the degeneracy pattern {1,1,2,3,5,...} consistent
with the CSL state.
Entanglement spectrum gives not only the characteristic de-
generacy pattern of the edge excitation, but also the edge-
mode velocity [3]. In the conformal field theory, the edge-
mode of the Laughlin state is described by a single branch
of chiral charged bosons. The velocity of the charged bosons
vc is not an universal quantity as it depends on the micro-
scopic interaction and edge confinement. In the cylinder ge-
ometry, we can define vc through the lowest values of en-
tanglement spectrum with edge momentum k = 0 and k =
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FIG. 7: (color online) (a) Entanglement spectrum for Jz =
0.0, J ′xy = 0.1 on Ly = 6 YC cylinder, which is obtained by keep-
ing 3000 states. The red arrow denoted as vc indicates the two low-
est values in k = 0 and 2pi/Ly sectors that are used to calculate the
chiral velocity. (b) Near degenerating pattern for the low-lying en-
tanglement spectra with different relative momentum ∆ky and total
spin Sz for the same system in (a). ∆ky is in unit of 2pi/6.
2pi
Ly
: vc =
∆E
~∆k =
E0(k=2pi/Ly)−E0(k=0)
~2pi/Ly
, where E0(k) =
min{−lnλ(k)} is the lowest eigenvalue with edge momen-
tum k. Thus, from our results on YC-geometry, we have
vc(J
′
xy=0.1)
vc(J′xy=0.3)
≈ 0.439. Although the CSL state is still robust
at J ′xy = 0.1, the edge-mode velocity is reduced compared to
J ′xy = 0.3 in the deep CSL phase. With further decreasing
J ′xy, we find that the difference of the lowest value between
the momentum sectors k = 0 and k = 2pi/Ly continuously
decreases before the quantum phase transition takes place.
The reducing of chiral velocity obtained from entanglement
spectrum is related with the drop of the bulk excitation gap
with decreasing J ′xy , which is consistent with a very weakly
first order transition or a continuous transition driven by the
collapsing of the bulk gap and the destruction of the gapless
edge states at the same time.
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